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1. Introduction 



Let Ml, M2 be special Lagrangian submanifolds of a Calabi-Yau manifold N, 
and suppose Mi intersects M2 transversally at a point P. One can construct another 
special Lagrangian submanifold M by gluing a Lawlor neck [6 into Mi U M2 at 
P; see Butscher [2j, D. Lee ff|, Y. Lee [8 , and Joyce [5J. By construction, M is 
close to the Lawlor neck near P, and to Mi U M2 away from P. Here is a problem: 
uniqueness of a special Lagrangian submanifold which is close to the Lawlor neck 
near P and to Mi U M2 away from P. The main result of this paper is a uniqueness 
theorem in the case where Mi , M2 are flat special Lagrangian tori of real dimension 
3, and TV is a flat complex torus of complex dimension 3; see Theorem 16.11 for the 
precise statement. The author plans to prove a uniqueness theorem for more general 
Ml, M2 in the sequel of this paper. 

In section [2] we make statement of the key step to the proof of the main result. 
Section [3] and Section |4] provide what we shall need in the proof of Theorem l2.3l In 
Section [5] we prove Theorem 12.31 with the help of results in Section [3] and Section S) 
In Section [S] we state the main result, and prove it by making a direct use of 
Theorem [231 

Theorem 12.31 is similar to Simon's theorem [11] Theorem 5, p563], which was 
originally applied to the unique tangent cone problem for minimal submanifolds. 
The proof of Theorem 12.31 is almost similar to Simon's. There is however a signifi- 
cant difference between Lemma 13.51 and Simon's lemma |11[ Lemma 3, p561]. The 
condition (|3.5p in Lemma is closely related to Holer's analysis [U pp534-539] of 
pseudo-holomorphic curves in symplectizations of contact manifolds. 



2. Statement of Theorem 12.31 
An m-form on a Riemannian manifold N is said to be of comass < 1 if 

. . .,«,„) < 1 

for every orthonormal vector fields vi, . . . ,v„i ox\ N . For each m-form (j) of comass < 
1 on a Riemannian manifold N , a 0-submanifold M of N is defined to be an m- 
dimensional oriented submanifold with volume form 01 m- Harvey and Lawson [3] 
proves that 0-submanifolds are minimal submanifolds of the Riemannian manifold 
if is a closed form of comass < 1. A closed form (j) of comass < 1 is called a 
calibration on the Riemannian manifold. A calibration is said to be parallel if it is 
a parallel differential form on the Riemannian manifold. 
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Let ^ be a parallel calibration of degree m > 1 on the Euclidean space M". Set 
(2.1) ^ = (a,j</,)|g„_i, 

where dr is the vector field in the direction of the radial coordinate r = | • | on 
M" \ {0}, where j is the interior product of vector fields with differential forms, and 
where S"^^^ is the unit sphere in R". 

Proposition 2.1. ip is an (m — l)-form of comass < 1 on §"~^; in particular 

1/; < Vol(X) 



ix 

for every compact (to — 1) -dimensional oriented submanifold X o/§"~^. 
Proof. For every orthonornial vector fields vi, . . . , Vm-i on §"~^, 

Ipivi, . . . , Vrn-l) = 4>{dr,Vl, . . . ,Vm-l) < 1 

since dr,vi, . . . , Wm^i are orthonormal. □ 

Let bo, bi be real numbers with bo < bi. Let A{bQ,bi;S"~^) be the pre-image 
of (60,61) X §"-1 under the polar coordinates M" \ {0} (0, oo) x §"-i : a ^ 
{\a\,a/\a\). Let X be a compact submanifold of S"^^, and A{bo,bi; X) be the 
pre-image of (60,61) x X under the polar coordinates. 

Remark 2.1. X is a i/i-submanifold if and only if A(bo, 61; X) is a (/)-submanifold of 
v4(6o,6i;S"-i). 

Proposition 2.2. ip-submanifolds are minimal submanifolds of . 

Proof. This follows from Remark |2. II and the fact that X is a minimal submanifold 
of §"~^ if and only if A{bQ, 61; X) is a minimal submanifold of A{bo, 61; S"~^). □ 

Let ly he a normal vector field on yl(6o,6i;X) in yl(6o; 61; §"^^). Set 

\W\\c\= sup Ivl/r, 
" A(boM;X) 



= sup {W\/r+\D,.\), 



A(b„M;X) 



where r is the radial coordinate, and Dv is the covariant derivative of v. These are 
induced by the cylindrical metric dr^/r^ + ds^, where ds^ is the metric on S"~^ 
induced by the Euclidean metric on R". Set 

,J°', , + aeA{bo,b,;X)}. 

The following theorem will be the key step to the proof of the main result; see 
the proof of Proposition 16 . 21 in Section |6l 

Theorem 2.3. Let m, n be integers with I < m < n, let 4> be a parallel calibration 
of degree m on R" , let ip be the (m — \)-form (j2.ip on §"^^, let X be a compact ip- 
submanifold o/S"~^, and let (5 be a positive real number < 1. Then, there exist real 
numbers 9 = 9{m,n,X) e (0,1/2), C = C{m,n,X,(l}) > 0, e = e{m,n, X, (p, (3) > 
such that the following holds: 
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// bo, bi are real numbers with bo < bijS, if M is a closed (p-submanijold of 
A{bo/3,bi;Si"^^), and if for each i = 0, 1 there exists a normal vector field Vi on 
A{bil3,bf,X) m 6,; 8""^) such that 

MnA(6,/3,6,;§"-i) = G(j.O, 
Iji^illci , — ^ f'^^ each i = 0, 1, 

then there exists a normal vector field v on Aib^fi^bx^X) in A^b^fi ^b\\'W^~'^) such 
that 

M = G{v), 

J^U(fc,/3,6.;X) = Vi for each i = 0, 1, 

Theorem 12. 31 will be proved in Section [S] with the help of results in Section [3] and 
Section m 



3. First Lemma for Theorem 12.31 Lemma [211] 

Let m, n be integers with 1 < m < n. Let r : R" \ {0} — > (0,cx)) be the map 
a I— |a|, and s : \ {0} — > be the map a a/|a|. Let be a parallel 

calibration of degree m on M", and ?/! be the (m — l)-form (|2.ip on §"~^. 

Proposition 3.1. 

(3.1) m0|K„\{o} = d(r™s*V). 

Proof. Since is an m-form with constant components in the Euclidean coordinates 
on M", the Lie derivative of along rdr is equal to mcj). Therefore, by Cartan's 
formula, 

m(j) = d{rdr-i4>)- 

Therefore, 

(3.2) m^U.\io}^d{r"'ij), 

where ip = '''^~™5r-i(0|R"\{o})- Then, dr-iip = 0, and ip is invariant under the flow 
generated by rdr- Therefore, ip = s*(?/;|g„-i). On the other hand, V'ls"-! — 4' 
by dUI]). Thus, V' = s*V'- Therefore, gives □ 

Remark 3.1. By the calculation above, s*-0 = r^~'"9r-i(<?!'|R"\{o})- 

Proposition 3.2. Let M be a (f)-submanifold o/R". Then, (j^j0)|a/ = Q if v is 
normal to M . 

Proof. Suppose vi, . . . , Vm-i G TpM are orthonormal. It suffices to prove: 

(3.3) 0(1^, t;i,...,u„,_i) = 0. 

There exists v € TpM such that 4'{v,vi, . . . ,Vm-i) ~ 1- The function t i— >■ 
(j){{smt)v + {cost)v,vi, . . . ,Vjn-i) attains maximum 1 at t = 0. Differentiating 

it at t = 0, therefore, gives p. 31) . □ 
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Proposition 3.3 (Harvey and Lawson). Let M he a (f)-suhmanifold ofWK Then, 

where (•,•) is the pairing of m-vector fields and m-forms, and TAI is the unit 
simple m-vector field dual to the volume form of M . 

Proof. See Harvey and Lawson [3j (5.13), Lemma 5.11, p65]. □ 

Corollary 3.4. Let M be a closed (p-submanifold of A{bo,bi;S"'^^). If bo < cq < 
Ci < bi, if Cq, Ci are regular values of r\M : M ^ I, and ifr^^{co), r^^(ci) are 
non-empty, then 

(3.4) / V< / V'- 



Proof. By Proposition 13.31 

dip > 0. 



'Mnr-i([co,ci]) 

This, by Stokes' theorem, gives p.4p . □ 
Tlie following lemma will be important in the proof of Theorem l2.31 see Section[5l 

Lemma 3.5. Let m, n be integers with \ < m < n, let cp be a parallel calibration 
of degree m on R", let ip be the (m — l)-form (j2.ip on §"^^, let X be a compact 
tp-suhmanifold ofS'^~^, let l3 be a positive real numbers < 1, and let e, be a positive 
real number. Then, there exists a positive real number e*, such that the following 
holds: 

If M is a closed (p-submanifold of A{pi'^ , if 

(3.5) / dip < e„, 

Jm 

and if there exists a normal vector field v on A(/3, 1; X) in A(/3, 1; S"""'^) such that 

AfnA(/3,l ;§"-!) = G{v), 

then there exists a normal vector field v' on A{0^l'^,\;X) m A(/33/2,l;S"-i) such 
that 

M^G{v'), 

where C'^yi^^(/3^^^, /?) is the Holder space on yl(/3'^/^, /?; X) with respect to the metric 
dr"^ / r'^ -\- ds'^ on A(/3^/^, /3; X), where r is the radial coordinate, and ds^ is the metric 
on S"~^ induced by the Euclidean metric on R". 

Proof. Suppose there does not exist such e^.*. Then, there exists a sequence (Mj)j=2,3,4. 
of closed (/)-submanifolds of A(/3^, 1; W^~^) with the following properties: 

(PI) /m. dip < 
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(P2) for each i = 2, 3, 4, ... , there exists a normal vector field i/i on 1; X) 

m A{I3, l;§"-i) such that 

M,n^(/3,l;§"-i) = G(i/0, 

cyl 

(P3) for each i ~ 1,2,..., there does not exist any normal vector field z/,- on 
A{I3^^^,I3; X) in A{l3^^^, P; S"-i) such that 



By Proposition 13.11 and (PI), 
Vol(M,) 



Mi 

-1 



m-M(r™s*'(/') 

Mi 



Mi 



< 

whereas by Proposition 13.41 and (P2), 



dr A s*ijj^ + {mi) ^ , 



drAs*'4'= / db s*'4> 
Mi J/32 JM.nr-i(fc) 

< / dfclimsup / s*'ip 

J/32 b->p JMiDr-'^ib) 



< (1 - /3^) limsup / 

b->-p JA/inr-i 



S 1p 

b^p JMinr-^(b) 

< C 

for some C independent of z = 2, 3, 4, . . . . Therefore, 

(3.6) sup Vol(M,) < 00. 

i=2,3,4,... 

Therefore, by AUard's compactness pQ Theorem 5.6], there exists a subsequence 
{Mi- )j=2,3,4,... such that (Af^^. )j=2,3,4,... converges as varifolds to some rectifiable var- 
ifoldMoo in ^(/32,1; §"-!). Let ||Moo|| denote the Radon measure on ^(/J^, 1; §""!) 
induced by M^. For each || Moo || -measurable subset E oiA{l3^, 1; §""!), let \\Mao\\i-E 
denote the restriction of ||Afoo|| to E, i.e., 

\\Moo\WE{E') = |iM,,||(£;n£;'). 

Proposition 3.6. a"^\\AIao\\i-{a~^E) = |jMoo||Li? for every \\Moc\\ -measurable sub- 
set E of A(/3^, 1; S"^"'^) and every positive real number a with aE C A(l3'^ , 1; S"""'^). 

Proof. By an approximation argument, it suffices to prove the following: 

(3.7) -^a" / f{ar)g{s)d\\M^\\^0 
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for every / S C^^i/S"^,!) with a(supp/) C and every g G C°°(§"-i). By 

(PI), 

the left-hand side of (13.711 



^ A lima™/" /(ar)5dVol(M,J 
da j^oo Jj^j, 



= Urn / -^{{ar)'^fiar))dr/r Ags*^ 
(3.8) o^°°JMi. da 

= Urn / a"^-^((ar)™/(ar))dr A5S*V 
3^°° J Mi d,r 

= hm - / a-i(ar)"/(ar)d5As*V- 



By Remark 13. 1[ Proposition 13.21 Proposition 13.31 and 

hm - / a-\ar)"'f{ar)dg As*i; 

a-\arrf{ar)r^-^dr4dg A 
a Harrf{ar)r^-'-{wTM^dr,dg)c^ 

(3.9) 





J 


= hm 


j ^ 




^ Mi. 

J 


— hm 


j ■ 




-J Mi . 

J 


< lim 









< hm const., / / 

where prjnj,^j_ is the projection of R" onto the normal bundle of Mi. in M". By 

p.Sp and p.gp . the left-hand side of p.7p is zero. This completes the proof of 
Proposition [2111 □ 



By (P2), on the other hand, ||Moo||lA(/3, 1; §"-i) is equal to || A(/3, 1; X)|| as 
Radon measures on A(/3^, 1; §"^^), where 

II A(/3, 1; X)||(£;) = Vol(A(/3, l,■X)C^E). 

Therefore, by Proposition [311 ^^oo = A{I3'^,1]X) as varifolds in yl(^^ 1; S""i). 
Therefore, (M^ . )j=2,3,4,... converges to a submanifold A{[P' ,1\X) as varifolds in 
A(^2^1;S"-i).'Therefore, by Allard's regularity [B Theorem 8.19], (M,Jj=2,3,4,... 
converges to a submanifold A(/3^, 1;X) in the local C^'^/^-sense. This contradicts 
(P3), which completes the proof of Lemma [3.51 □ 



4. Second Lemma for Theorem 12.31 Lemma 14.3 



Let X be a compact smooth Riemannian manifold, and ^ be a smooth real 
vector bundle over X with a fibre metric and a metric connection. Let C?° denote 
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the space of all smooth sections of V over X. For every v,v' & C^, set 




Jx 




Jx 



where {v{x), is the inner product on the fibre V\x over x G X. Let F : — >■ 

M be a functional of the following form: 




Jx 



for every v G with covariant derivative D^v, where / = f{x, v,p) is a R-valued 
smooth function of a; G X, v G V\x, and p G T*X ^ V\x- Suppose / satisfies the 
following conditions: 

(CI) {v,p) f{x,v,p) is a real-analytic function on the vector space V\x ® 

{T*X ®V\a:) for every x e X; 
(C2) F satisfies the Legendre-Hadamard condition at e C^, i.e., 



where € C~. 

Let to, too be real numbers with to < too- Consider the product (to, too) x X, and 
the pull-back pr2V^ over (to, too) x X, where pr2 is the projection of (to, too) x X 
onto X. Let Cj°^(to,too) denote the space of all smooth sections of pi 2^ over 
{to, too) X X. For every u = u{t,x) G C^"^ (to, too), set u{t) = u(t,») G for 
each t e (to, too)- For every u = u{t,x) G C^(to,too) and for every non-negative 
integers /c, let ||M||pfc,Mj.j^^ ^ ^ be the Holder norm with respect to the product metric 

dt^ + dx"^ on (to, too) X X. For every u = u{t,x) G C^^{to,too), set 



Theorem 4.1 (Simon). There exist real numbers Jo > 0, 6* G (0,1/2) depending 
only on X, V, F such that if tz,ti G {to, too) with ts < t^, if u G C^^{to,too), if 
5 >Q, and if for each t G [t3,t4], 



for every x G X, ^ G T*X, v gV\x for some c > 0. 
Let — gradF : — )• be the Euler-Lagrange operator of F, i.e.. 



(gradF(«),^;') = ^F{v + hv') 

a; all h: 



for every v,v' G . Suppose 

gradf (0) =0, 




||u(t)||^2,l/2 < 5o, 

F{0) - F{u{t)) < 6, 

\\dtu{t) +gvad F{u{t))\\L2 < {3/A)\\dtu{t)\\Li 
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then 



\dtu{t)\\L^Jt < {A/9){\F{u{t3)) - F{0)\ 



Proof. The Simon condition implies the Lojasiewicz inequahty in the sense of Si- 
mon [m Theorem 3], which leads to Theorem 14.11 see Simon [TTl Lemma 1, 
p542]. □ 

Simon studies smooth functions u — u{t,x) £ C(°^(io,ioo) satisfying the 
partial differential equation 

(4.2) d^u - dtu - grad F{u) + R{u, dtu, d^u) = 0, 

where R : x x — > is a remainder of the following form: 

R{v, 1.(1), ={A{x, V, D,v, v^^^)DIv)v'^^^ 

(fc,0 = (0,l),(l,l),(0,2) 

for every v, v^^"^ , u^^^ € C*^, where A = A{x, v,p, q), B^i = Bki{x, v,p, q) are smooth 
functions of x e X, w g V\x, p e T*X(g>V[j;, q <E V\x with A{x,v,p,q) £ i^'^T^X'g) 
V\l, Bki{x,v,p,q) e 0'r,X, 0,0,0) = for every xGX, for every (fc,0 = 

(1,0), (1,1), (2,0). 

Remark 4.1. Let R be of the form (|4.3p with A, _B as above. Then, for every C2 > 
there exists S5 — 5^{X,V, F, R,C2) > such that if ||m|| 1,1/2 < (S5, then 

\R{u{t),dtu{t), dMm 

Remark 4.2. Suppose X is a minimal submanifold of S"^^, and V is the normal 
bundle of X in S""^. For each normal vector field u on X in S""^, set 

Gjv) = ^""^ (x + v{x)) xex], 

which is a compact submanifold of S""^ if sup3,gj(- \v{x)\ < eo for some eo > 
depending only on X C S"^^. Let be the space of all normal vector fields v on 
X in S"^-'^ with sup^g;,^- |f (a;)| < eo. Let F : — > M be the following functional: 

(4.4) F(v) =Yo\{G{v)) . 

F is of the form (14. ip with integrand / satisfying (CI), (C2), and gradF(O) = 0. 
Set 60 = e-*~/™, 61 = e-*«/™; 60 < ^i- Let A(6o, 61; S"~i), A{bo,bi;X) be as in 
Section [2] Let be a normal vector field on A{bo,bi; X) in A(6o, &i; S""^)- Set 
u{t,x) = e*/™:/(e-*/'"a:); u £ C^^{to,too). Let G(z/) be as in Section El If G{i^) 
is a minimal submanifold, then u satisfies Simon's equation (j4.2p . where F is the 
functional (|4.4p . and R is some remainder of the form (|4.3p depending only on m. 

Let H : — >■ be the linearized operator of grad F at G C° 
equation (14. 2p is of the following form: 

dfU — dtu — Hu= ^ Eki{x,u, Da:U,dtu)D''^dfU, 

0<k+l<2 
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where Eki ~ Eki{x, u,p, q) are smooth functions of a; G X, v e V\x, p G T*X (^V\x, 
q £ V\x with Eki{x,v,p,q) G ^'^T^X, Eki{x, 0,0,0) = for every xe X, for every 
k, I with < fc + ; < 2. 

Remark 4.3. Let ti, be real numbers with ti < t^. There exists S2 = S2{X, V, F, R) > 
such that if w G C?Z with ||w|| „i,i/2,. , ^ < S2, then 

max ||£'fc;|| 0,1/2, , < ^1, 
where 61 — Si {X, V, F) is as in Remark 14.41 below. 

Remark 4.4. Let T > 0. The Legendre-Hadamard condition (C2) implies that 
df — dt — H is uniformly elliptic on Cj°^ (to , ioo ) • Therefore, there exists Si = 
Si{X,V,F) > Obe such that if w G C^J-T/3,T/3), iiakiit,x) G C^J-T/3,T/3), 
and if 

dfW — dtw — Hw = ^ aki{t,x)D''^dfW, 

0<k+l<2 

then, 

(4.5) ||u;||p2,i/2(_^/j.^y/5^ < Cl|h||L2^(-T/4,T/4) 

for some Ci ~ Ci{X,V, F,T) > 0. This is a Schauder estimate; see Morrey pUl 
Chapter 6]. 

Theorem 4.2 (Simon). There exist h > 0, T > 0, S3 > depending only on X, 
V , F such that for any j G {3, 4, 5, ... } the following holds: 
Ifw G CS(0,jT), aki{t,x) G CniO,jT), and 



0<fc+i<2 

max sup \aki{t,x)\ < S3, 

0<k+l<2 (t,x)e(Q,]T)xX 

\\w\\lIjo,jT) < 00, 

then, there exist integers ii, i2 with < ii < i2 < j such that: if I < ii, then 

\\w\\LlJtT.it+l)T) < e~'''^\\w\\LlJ{^-l)T.^T) 

for each i G {1, . . . ,ii — 1}; if ii < 12, then 

WwmLi < im\Ht')\\Li 

for t, t' G {iiT, i2T) with \t' ~ t\ < T, and 

\\dtw{t)hi < {l/2)\\w{t)h2 
for each t G {iiT, i2T); if 12 < j ^ 1; then 

\\'^\\Ll^{(t-l)T,tT) < e~'''^\\w\\L2 J,T,i^+l)T) 

for each i G {12 + 1, ■ . • , J — !}• 

Proof See Simon [H Theorem 3.4]. □ 
The following lemma will be important in the proof of Theorem l2.31 see Section[S] 



10 



YOHSUKE IMAGI 



Lemma 4.3. Let X he a compact smooth Riemannian manifold, V be a smooth 
real vector bundle over X with a fibre metric and a metric connection, F : — > M 
be a functional with grad_F(0) = and of the form (|4.ip with integrand f satisfying 
(CI), (C2). Then, there exist real numbers C > and 6 e (0, 1/2) such that for 
every remainder R of the form (|4.3p . there exists (5» > such that the foUowing 
holds: 

If to < i*, if < ^ < 1, if u e Cf^(to,t*) satisfies Simon's equation (|4.2|) . and if 

(4.6) lkl|<,w.(,,,.)<<5., 

(4.7) limsup \\u{t)\\L2 < S, 

t^to 

(4.8) sup (F{0)-F{u{t))) <S, 

tG(to,t.)^ ^ 

(4.9) \\dtu\\Lijto,t,) < VS, 
then 

sup \\u{t)\\L2 <CJ'^. 

te{to,t,) 

Proof. By (|4.7p . it suffices to prove the following: 

(4.10) / \\dtu{t)\\L2dt kCJ". 



Let T = T{X, V,F)>0 be as in Theorem O If - to < ST, then 

r-t, 

\\dtu{t)\\L2dt < Vt* -to||9tM||i2^(t„,t,) 



(4.11) ./fo 



which gives the conclusion ()4.10p . 

Suppose t* - to > 5T. Let ti,t6 € (to,t,) be such that T/2 < ti - to < T, 
r/2 < t» - tg < T and tg - ti = jT for some j G {3, 4, 5, . . . }. Then, 

(4.12) r||a,u(t)|L. < Vr<5. 



(4.13) f ' \\dtu{t)\\L2^<VTS. 

in the same way as (|4.1ip . 

Suppose < S2, where 62 = S2{X,V,F,R) > as in Remark [4.31 By 
Remark 14.31 and Remark 14.41 

where Ci = Ci {X, V, F;T) > be as in Remark|L4l so that Ci = Ci (X, F) since 
T = T(X, V, F) > 0. It suffices therefore to prove (|4.10p under the assumption that 

for some S^^ = (5*,(X, V", F, i?) > 0. 
Set u' = dtu. Then, 

(4.14) dfu'~dtu'-Hu'= dki{t,x)DidS' 

0<k+l<2 
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for some smooth functions aki{t,x) of t e {tQ,t^,), x £ X with aki{t,x) € TxX 
for every k, I with < fc + ^ < 2. By an argument similar to Remark 14.31 there 
exists S4 = S4{X,V, F, R) > such that if ||u||„2,i/2. ^ < S4, then 

(4.16) max ||afci|| „o,i/2, . < mm{Si, 83}, 

a<k+l<2 '^t.x (ti,te) 

where Si = Si{X, V, F) as in Remark l44l and 5^ = SsiX, V, F) as in Theorem l42l 
Suppose ||u|j 2,1/2,, . . < S4, where 64 — S4(X,V,F,R) > as above. By (14.14^ 

and (|4.16p . u' satisfies the assumption in Theorem 14.21 Therefore, there exists 
integers ii, 12 with < ii < 12 < j such that: if 1 < ii, then 

(4.17) l|f^t"llL2^(ti+iT,ti+(i+i)T) < e.~^^\\^tu\\l^2 J^^J^^^_l^J,^^J^^J.^ 
for each i e {1, . . . ,ii — 1}; if ii < 12, then 

(4.18) \\dMt)U. < {3/2)\\dtu{t')U. 
for t, t' e {h + iiT, ti + ijT) with \t' -t\<T, and 

(4.19) WdMmLl < {ll2)\\dtu{t)\\Li 
for each i G (ii + iiT, + i2T); if 12 < j — 1, then 

(4.20) ||atu||i2 j^+^j,) < e"''^||atu||i2^(t^+,r^t^+(,+i)r) 

for each i e {12 + 1, . . . , j - 1}; here h = h{X, V,F) > as in Theorem 1421 By the 
method in (1?TI|) . and by (jETj), 

i-ti+iiT <.ti + (i+l)T 

/ ||9t7.(i)||L2dt< ^ / \\dtu{t)hidt 

Jtl j^;^ Jtl+iT 

il-1 

(4-21) n 

< X v^e-''^|19,«|L2^(,,,,+^) 

< VT(l-e-''^)-i||a,uL2^(,,^,,+^) 

< Vr(i - e-"^)-M. 

Set = + i2T. As (HT71) gives (jMH), so (li:^ gives the following: 



(4.22) j \\dtu{t)\\Lidt<Vf{l~e-'''^)-^5. 

If ii = i2, then (|4?T2|) . (l42T|) and (l4?22|) imply the conclusion gJO]). 
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Suppose ii < «2- Set t2 — ti + iiT, 1^—12+ T/3, — t^ — T/3. Then, 

(4.23) f ' \\dtuit)\\L2dt< ^T/3S, 

(4.24) / \\dtu{t)\\L2dt<^/ffJUS, 

(4.25) r \\dtu{t)\\L2dt<^/Tji5. 

in the same way as (|4.1ip . 

For each t g [h,t4\, on the other hand, by (|4.15l) . (I4.16P and Remark WM 

(4.26) ll^t^llc?;i/^(t-T/5,t+T/5) - C'lll^t"llL?,Jt-T/4,t+T/4), 

(4.27) \\'^\\clll'\t~T/b,t+T/b) ^ C'lll"llL?_,(t-T/4,t+T/4), 

where Ci = Ci(X,F,F;r) > as in Remark HH so that Ci = Ci(X, since 
T = T{X, V, F). By (l4:26t and (l4J8l) . for each t e [ig, ^4], 



\D,dtu{t)\\L2 < v/Vol(X) sup |i?,atu(t,x)| 



< VVol(X)||9t?/||p2a/2(,_^/5 ,+y/5) 
"^^■^^^ < V^VcA(X)Ci\\dtu\\Ll^(t^T/4,t+T/4:) 

< ^Yo\{X)Ci{3/2)^T/2\\dtu{t)\\L2 

<C2\\dtUmLl. 

where C2 = ^/Yol{X)Ci{3/2)y^T/2, so that C2 C2(X,l^,i^) > 0. Therefore, by 
Remark l4Tl (|4.19l) and Simon's equation (|4.2I) . for each t e [i3,i4], 



119*7/(0+ grad^^(M(t))||i2 < \\dMt) + RHt),dtu{t),dMt)) II 



(4.29) < + — + + -J—C2 + \\dtu(t)\\L2 

^ ' - V2 16 16 I6C2 82 J " ^ "^^'^ 

< {3/4)\\dtumLl- 

if ||u||„2,i/2., ^ ^ < (^5, where — (55(X, V, F, i?, C2) > as in Remark |4. 11 so that 

55^S5(X,V,F,R) 
Suppose ||m||„2,] 

t X 

So = SoiX, V,F)>0 as in Theorem O By Theorem mH (j4:29| and (gT 



Suppose „2,i/2., s < min{(55,5o}, where 65 — S5{X,V, F, R) as above, and 



\\dtu{t)\\L2dt < (4/0) F(u(t3)) - F(0) 



where 6 ~ 6{X,V,F) > as in Theorem 14.11 Since gradF(O) = 0, there exists 
Co = Co{X, V,F)>0 such that if w e C^, ||w||p2,i/2 < 5q, then 

\F{v)~Fm<Co\\vrcy 
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Therefore, by g22l), 

\F{u{t3))^FiO)\ < ColHhWcn 

<CoCi(T/S 

whereas by (glZl), (|4A2l) . (jiT^I) and IgMl, 



2 



<CoCi(T/2) sup hWllL2, 

t6(i3-T/4,t3+T/4) 



sup ||u(<)||i2 < hmsup ||u(i)||i2 + / \\dtu{t)\\ 1^2 dt 

t6(t3-T/4,t3+T/4) " t^to " Jto 

< (1 + \/T + VTil - e-'''^)-^ + v/7r/12) 5, 

Thus, 

(4.30) r \\dtu{t)\\L2dt<CJ^ 

for some constant C, depending only on X, V, F. Thus, (|4?T2l) . (|42T|) . (|4?23l) . 
(H3ni) . g^H), (p:^ and imply the conclusion (|ITU)) . 

The proof of Lemma [4.31 is thus complete. □ 



5. Proof of Theorem 12.31 



We now prove Theorem 12.31 

Let be a parallel calibration of degree m > 1 on the Euclidean space R". Let 
ip be the (m — l)-form (9^-10) |s"-i on the unit sphere S"~^. Let X be a compact 
'i/'-submanifold of §"^^. 

By Proposition 12. 2[ X is a minimal submanifold of Let F, R be as in 

Remark l4T2l Let 9 € (0,1/2), C, > 0, 5* > be as in Lemma l43l so that 
e = e[m,7i,X), C,(m,n,X) > 0, 5^{m,n,X) > 0. 

Let /? be a positive real number < 1. Suppose e* > is so small that if Hi^Hpo ^ < 
e*, then: 

(5.1) 



G{i') is a closed submanifold of A{bo, &i; §" ^), 
and if G{i') — G{v') for some v' , then v — v' 



in the notation of Section [2j Let e,, > be as in Lemma 13.51 so that e,, = 
e„(m, (/), ^, £,) =. 

Suppose now that e > 0, that &o > 0, 61 > with 60 < ^i/^i that M is a closed 
0-submanifold of A(&o/3, §"~^), and that for each i = 0, 1 there exists a normal 
vector field Vi on ^1(6^/3, 6^; X) in yl(6i/3, 6;; §"^^) such that 



(5.2 



MnA(5,/3,6,;§"-i) = G(z/,), 
ll^'illci 5: £ foi' each « = 0,1. 

For each i = 0, 1, by ||i^i||ci < 



(5.3) 



sup 

6e(hi^,6i) 



ifi — s*ip 

X JMnr-^{b) 



< coe. 
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for some cq — co{m,n,X,<f>) > 1. Therefore, by Stokes's theorem, 
(5.4) / s*dij < 2coe. 



Jm 

Therefore, if e < e**, then by (|5.2|) with i — 1, and by Lemma \3l5\ there exists a 
normal vector field f on A{bil3^^^ ,bi; X) in 6i; S""^) such that 

(5-5) II II . 

Suppose e < e**. Let S"* be the set of all G [6o,6i/3) such that there exists a 
normal vector field h' on in A{b^,,bi;§'^^-^) such that 

Mnyl(6,,6i;S"-i) = G(i^), 
(5-6) II II 



S'* is non-empty since e 5* by 

Proposition 5.1. Suppose 6, G 5, n [bo, bi), and let v he as in (|5.6p . 5et u{t, x) ~ 
e*/™i^(e^*/'"a;), to = — logfei/m andt^ = — \ogb^,/m. Then, 

j/e < (4co)~^ awd e, < ei for some ei = ei(m, > 0. 

Proof. By Remark 14.21 ^ satisfies Simon's equation (|4.2p with respect to F and R. 
By Proposition EH Corollary [331 and (|01) . 

sup Vol(X) - Vol (s {M n r-i(6))) 





be(b,,bi) 




< sup 


(5.7) 


be{b.,t 




< / ^ 








< coe. 


By calculation, if | 





■0 — / 5*^/" 
'Afnr-1(6) 

A/nr-i(f)o) 



(5.8) Ira^i'p < 2\dr A TAf |^ 



where M = G{v)^ and TAi is as in Proposition 13.31 Suppose e, < ei. Then, by 
Proposition [331 (El) and ((SH), 

\rdrv\'^ /r''" dVol(Af) < 2 /" A TM|Vr"' dVol(Af) 
< 4coe. 



Now, dSSl), dOj) with i = 1, dSJ]), dSSl) imply gS]), (|4J|, gSj), (|4J|) in LemmaHJ 
respectively. Therefore, by Lemma 14.31 



sup \\u{t)\\Li < CH.(4coe)^ 
ife<(4co)"^ □ 
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Suppose e < (4co) ^ and e, < ei. Suppose 6* G 5*. Set r = log/3/m. Then, by 
interpolation and Proposition 15. 11 

ll^llciyi(fc.,fc.//3) = \H\cl^it,-T,t,) 

< e,,(2e,)~^||M|| i,i/2.j s +ci sup \\u{t)\\L2 

(5.10) ' t6(t.-r,t.) 

< e,,/2 + ciC*(4coe)^ 

if e < e,,(2ciC,)~^(4coe)~*, where ci—ci{m, n, X, t, e,H.(2e*)^^) > 0. 

Suppose e < eH.*(2ciC*)-^(4coe)-^. By (fSTTOl) . (fOl) and Lemma KE\ b^P'^/'^ € 
S'*. Therefore, 6, is an interior point in 5*. Thus, 5* is an open subset of [bo, &i/3). 

By (15. ip . 5, is a cfosed subset of [bo, bifi). Thus, 5, is a non-empty open dosed 
subset of [bo,bil3). Therefore, 5'* = [bo,bil3). In particular, 6o G •S'*. Set = 
— log&o/™- Then, by (|5.2p with i = and Proposition 15. H 

sup ||u(t)||i2 < a(4coe)^ 

tG(to,ioo+T) 

Therefore, by the Schauder estimate in Remark 14.41 

for some C = C(C*,co) = C{m,n, X, cj)) > 0. This completes the proof of Theo- 
rem [231 

6. The Main Result 

Let {x^,y^,x^,y^,x^,y^) be the coordinates on R^, and luo the symplectic form 
dx^ A dy^ + dx"^ A dy"^ + dx^ A dy^ on M^. Let Jq be the complex structure on 
which maps d/dx°' to d/dy" for every a = 1,2,3, and ilo the complex volume 
form dz^ A dz^ A dz^ on M^, where = -I- iy" for every a = 1,2,3. Harvey 
and Lawson [3] prove that Reilo is a calibration with respect to the metric go = 
Yfa=i dz^dl^ on Re rJo-submanifolds of (M^go) are called special Lagrangian 
submanifolds of (M^,a;o, Jq, ^o)i this is well-defined since go = ^oi'^ Jo')- 

Let , M2 be special Lagrangian planes in (R^, ujo,Jo,^o) such that = 
R^. Lawlor [5] gives an explicit construction of L, f with the following properties: 

(LI) L is a closed special Lagrangian submanifold of (R^, ujo, Jo,^q)', 

(L2) / is a diffeomorphism of R x §^ into R^; 

(L3) L is the image of / : R x §2 ^ R^; 

(L4) there exists R > such that 

I/r ~ ^rI/''' + \d{fR. — ^r)] = 0{r^^) with respect to the metric go on R^, 

where r is the projection of R x §^ onto R, is the restriction of / to 
(R \[-R,R]) X S'^, and in is the inclusion of (R \[-R,R]) x into R^ 
whose image is Rf U Rf \ B{R). 
Here, B{R) is the ball of radius R centred at in (R^, go)- 

Let be the torus R^/Z^. By abuse of notation, ujo, Jo, go, ^0 denote the 
symplectic form, the complex structure, the metric, the complex volume form, 
respectively on as well as on R^. Likewise, B{R) denotes the ball of radius 
R centred at in {T^,go) as well as in (R^go)• Set Tf = Rf/(Rf n Z^), Tf = 
Ri/(Ri n Z^). T?, Ti are special La grangian submanifolds of (T^, wo, ^0, ^^o)- 
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In view of the proof of the theorem of D. Lee [71 Theorem 3] or Joyce [U Theo- 
rem 9.10], for every S > there exist {Js, ils), Ms, es, bs and b'g with the fohowing 
properties: 

(PI) Js = fsJo, ns = /;rio for some fs G GL(3,R) such that f^ujQ = ujq; 

(P2) Ms is a compact special Lagrangian submanifold of {T^,ujo, Js,i^s), i-e., a 

Re Oa-submanifold of {T^,gs), where gs = fs9o', 
(P3) es > 0, < bs < b'g < 1, hm^^o = 0, hm5^.o bs/S = oo; 
(P4) Ms n B{bs) is the graph of some normal vector field on 5L n B{bs) in B{bs) 

with C^-norm less than bses, where 5L n B{bs) is embedded in T^; 
(P5) Ms \ B{b'g) is the graph of some normal vector field on (T? U T^) \ B{b'g) in 

(T^ \ B{b'g),gs) with C^-norm less than bses; 
(P6) there exists a normal vector field v on {tf U T^) n A{b,b') in {A{b,b'),gs) 

such that M5nA(6, b') = G(i^) with ||i^||ci < £5 for some 6, b' with < 5 < 

cyl 

65 < 6^ < 6' < 1 in the notation of SectionEl where A{b, b') = B{b') \ Bib); 
(P7) Ms is diffeomorphic to the connected sum T^^^Tj. 
The main result of this paper is the following: 

Theorem 6.1. Let {Js^^s), Ms, es, bs and b'g be as above. Let Mg be such that: 
(P2') M'g is a compact special Lagrangian submanifold of [T^^loq, Js,fls); 
(P4') M'g n B{bs) is the graph of some normal vector field on SL D B[bs) in 

{B{bs), gs) with C^-norm less than bses; 
(P5') Mg\B(b'g) is the graph of some normal vector field on (Tf U Tj) \ -B(&'^) in 
(T^ \ B{b'g),gs) with C^-norm less than bses- 
Then, M'g = Ms + t for some t G whenever 6 is sufficiently small. 

The proof of Theorem 16. II is divided into the following two propositions: 

Proposition 6.2. M'g is sufficiently close to Ms in the -topology induced by the 
metric gs on whenever S is sufficiently small. 

Proposition 6.3. // a special Lagrangian submanifold M'g of {T^ ,ujq, Js,fls) is 
sufficiently close to Ms in the -topology induced by the metric gs on , then 
M'g = Ms + t for some t whenever 6 is sufficiently small. 

Proof of ProvositionlKM By (L4), (P3), (P4) and (P5), there exist bo, bi, P, vq 
and Vi such that: 

• bo>0,bi>0,Q<f5 <l,bo<bs<b'g< bifi; 

• for each i = 0,1, Vi is a normal vector field on {T\ U Tf) n A{bil3,bi) in 
Aib,P,b,); 

• Msr)A{bi(3, bi) = G{vi) with llt'iUc'i ^ < e/2, for each i = 0, 1 in the notation 
of Section [2] whenever 5 is sufficiently small; 

here A{b, b') = B{b') \ B{b) for each b, b' with < 6 < 6' < 1, and e > is as in 
Theorem 12.31 Therefore, by (P4') and (P5'), there exist normal vector fields fj' on 
((Tf U T^) n A{b,l3, b,),gs) in A{b,P, b,) for each i = 0, 1 such that 

M^ n A{pb„b^) = G(f,') with lli'-llci^^ < e for each i = 0,l 

whenever S is sufficiently small. By (PI) and (P2'), therefore, Mg H A{bo(3,bi) 
satisfies the assumption of Theorem 12.31 By Theorem 12. 3[ therefore, there exists 
a normal vector field f' on (Tf U T^) n A{bol3,bi) in {A{bol3,bi), gs) such that 
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Mg n A{bo/3,bi) — G{v') with Hi^'Uci 1^ ^'s f^'' some e'g converging to as (5 — 0. 
This, together with (P4), (P5), (P6)7(P4') and (P5'), proves Proposition O □ 

Proof of Provosition \6.3[ Let 'D{Ms) be the space of aU special Lagrangian sub- 
manifolds of {T^ ,uJo, Jst^s) which are sufficiently close to Mg in the C^-topology 
induced by gs on T^. By the deformation theory of Mclean [21 Section 3], ^{Ms) 
is a manifold of dimension b^(Ms), where b^{Ms) is the first Betti number of Ms- 
By (P7), bHMs)^6. Thus, 

(6.1) dimX'(M5)=6. 

For each t e T^, by (PI), Ms+t is a special Lagrangian submanifold of (T^, wq, Js,^5) 
Therefore, f : t Ms + 1 maps a neighbourhood of G T*^ into 'D{Ms). By (P5), 
if 5 is sufficiently small, then rf/o : TqT^ — > Tf(^Q)'D{Ms) is one-to-one. Therefore, by 
(16. ip and Inverse Function Theorem, / is a diffeomorphism of a neighbourhood of 
e onto a neighbourhood of /(O) — Ms in VlMs). This completes the proof of 
Proposition 16. 31 □ 

Proof of Theorem \6.1\ Proposition l6.2l and Proposition l6.3l implv Theorem l6.1l □ 

Remark 6.1. The key step to the proof of Theorem 16.11 is the proof of Proposi- 
tion 16. 2[ where we have made a direct use of Theorem 12.31 which assumes that the 
ambient space is a flat Euclidean space. This is why we considered the flat torus 
(T^,(7a). It is very likely, however, that modiflcation of Theorem 12.31 leads to an 
extension of Theorem 16. II to more general Calabi-Yau manifolds. The author plans 
to work it out in the near future. 

References 

[1] W.K. AUard, On the First Variation of a Varifold, The Annals of Mathematics, Seeond 
series, Voh95, No.3 (May, 1972), pp. 417-491. 

[2] A. Butscher, Regularizing a singular special Lagrangian variety, Communications in Anal- 
ysis and Geometry Vol.12, No.4, 733-791, 2004. 

[3] R. Harvey and H.B. Lawson, Calibrated geometries, Acta Mathematica 148 (1982), 47—157. 

[4] H. Hofer, Pseudoholomorphic curves in symplectizations with applications to the Weinstein 
conjecture in dimension three. Invent, math. 114 (1993), 515-563. 

[5] D.D. Joyce, Special Lagrangian submanifolds with isolated conical singularities V. Survey 
and applications. Journal of Differential Geometry 63 (2003), 279-347. 

[6] G. Lawlor, The angle criterion. Invent, math. 95 (1989), 437-446. 

[7] D.A. Lee, Connected Sums of Special Lagrangian Submanifolds, Communications in Analysis 
and Geometry, Vol.12, No.3, 553-579, 2004. 

[8] Y. Lee, Embedded Special Lagrangian Submanifolds in Calabi-Yau Manifolds, Communica- 
tions in Analysis and Geometry, Vol.11, No.3, 391-423, 2003. 

[9] R.C. Mclean, Deformations of Calibrated Submanifolds, Communications in Analysis and 
Geometry, Vol.6, No.4, 705-747, 1998. 
[10] C.B. Morrey, Multiple Integrals in the Calculus of Variations, Springer, 1966. 
[11] L. Simon, Asymptotics for a class of non-linear evolution equations, with applications to 
geometric problems. The Annals of Mathematics, Second Series, Vol.118, No.3 (Nov, 1983), 
529-571. 

[12] L. Simon, Isolated singularities of extrema of geometric variational problems, In E. Giusti 
(Ed.), Harmonic Mappings and Minimal Immersions, Montecanini, Italy 1984, Springer. 



Department of Mathematics, Faculty of Science, Kyoto University, Kyoto, Japan 
E-mail address: imagi9math.kyoto-u.ac.jp 



